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Abstract
After emphasizing the importance of obtaining a space-time un-
derstanding of black hole entropy, we further elaborate our program
to identify the degrees of freedom of black holes with classical space-
time degrees of freedom. The Cveticˇ-Youm dyonic black holes are
discussed in some detail as an example. In this example hair degrees
of freedom transforming as an effective string can be identified explic-
itly. We discuss issues concerning charge quantization, identification
of winding, and tension renormalization that arise in counting the as-
sociated degrees of freedom. The possibility of other forms of hair
in this example, and the prospects for making contact with D-brane
ideas, are briefly considered.
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1 Introduction: State-Counting, Determinis-
tic Evolution, and Hair
The problem of understanding black holes as quantum-mechanical objects,
although presumably academic for the forseeable future, has attracted great
attention recently among theoretical physicists, due primarily to a funda-
mental conceptual tension.
The thermodynamic properties of macroscopic black holes are widely be-
lieved to be universal; that is, essentially independent of any details of the
microscopic theory in which gravity is embedded. This belief is based on
their remarkably simple derivation from very basic properties of the Einstein-
Hilbert action [1, 2, 3, 4]. Indeed, the thermodynamic parameters of large
black holes follow from general covariance, the causal structure of black hole
backgrounds, and basic considerations of field theory at small curvature,
which are plausibly independent of the matter content and other details of
the theory.
On the other hand it is notorious that these thermodynamic properties
lead to considerable conceptual tension with standard principles of quantum
mechanics. In particular, the possibility that black holes formed under widely
varying initial conditions will all eventually evaporate into approximately
thermal radiation is not easily reconciled with the existence of a unitary S-
matrix governing the dynamics. Indeed the evolution of many, possibly finely
structured, initial states all into a common final state (or density matrix) –
namely undistinguished thermal glop – could not follow consistently from
fundamentally deterministic, time (or PCT) reversible equations for a closed
system. This has led Hawking [5], and others [6], to suggest that no such
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equations can exist, and that a new level of indeterminacy, beyond that of
standard quantum mechanics, is inevitably associated with the existence of
black holes.
The strength of these very broad arguments is open to serious doubt, how-
ever. The thermal character of the radiation was only established by approx-
imate, semi-classical calculations for large black holes far from extremality.
Given too naive a literal interpretation it is demonstrably false: in particular,
the whole concept of thermal behavior becomes ambiguous for near-extremal
holes [7, 8] and some specific quantitative corrections to thermality have been
established [9, 10]. More generally, it is far from obvious that many approx-
imately thermal states, with the same thermodynamic properties, cannot
correspond to many different microscopically defined states differing in high-
order, hard-to-calculate correlations: generically, of course, they do!
More profound, perhaps, are more detailed dynamical arguments tend-
ing toward the same conceptual tension. Without attempting to do these
full justice, we can paraphrase their common core as follows [11, 12, 13, 14].
Since black holes are intrinsically structureless, or nearly so, well outside
the horizon – “black holes have no hair” – the process of collapse followed
by slow evaporation cannot be described by reversible, deterministic equa-
tions. For at intermediate stages – after the collapse and during the slow
evaporation – the structureless black hole forms an extremely narrow infor-
mation channel, which cannot accommodate a complete, accurate record of
the initial state. For purposes of this argument it seems to be enough that
there be no significant structure well outside the horizon, because that space-
time region predominantly determines the asymptotic final state. Banks and
O’Loughlin [15] especially forcefully and explicitly advocated that a distinc-
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tion must be made between states, measurable in the low energy theory,
that should be counted towards the Bekenstein–Hawking entropy and other
states, hidden from the observer strictly outside the hole, that should not.
Recently there have been some remarkable developments in the micro-
scopic (quantum) theory of black holes in string theory. Early suggestions to
identify certain electrically charged fundamental string states with extremal
black holes, with vanishing classical area [16], led to a semi-quantitative
matching of the number of microscopic states with the area of an appro-
priate stretched horizon [17, 18, 19] and their remarkably concrete realiza-
tion [20, 21]. Subsequent suggestions and arguments [22] that a correspond-
ing study of dyon states corresponding to extremal black holes with non-
vanishing area [23, 24, 25] would enable a successful quantitative comparison
with the classic Bekenstein-Hawking formula were confirmed [26] in a surpris-
ing and brilliant manner as a by-product of the identification of D-branes with
string solitons [27] and development of an impressive associated calculational
technology [28, 29, 30, 31, 32]. The understanding was immediately extended
to near-extremal [33, 34] and general black holes [35, 36] although these re-
sults remain more controversial than the extremal case. Work along related
lines has uncovered a beautiful, but still quite mysterious, relation between
the quantization of 5–branes and the second quantization of strings [37, 38].
While these developments seem to us fundamentally to alter, perhaps
permanently, the intellectual framework for the theoretical discussion, their
limitations should not be underestimated. They apply at present only to very
special, particular black holes in highly idealized models of physics. We shall
discuss this sort of limitation, which may or may not be a purely technical
problem, in more detail later. For present purposes, it is most important
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to notice that these developments primarily touch only the set of issues we
discussed in paragraphs 2-4 above, and characterized as thermodynamic.
The specifically D-brane methods of calculation are not couched in ordinary
space-time terms, and do not immediately explain why a simple, universal
result – namely, that of Bekenstein and Hawking – for the number of states
should emerge. The dynamical issues, which may be the more profound ones,
appear to require additional, or different, considerations.
The present work takes steps toward a microscopic evaluation of black
hole entropy which emphasizes, rather than bypasses, space-time issues. Our
working hypothesis, motivated by a desire to avoid the dynamical arguments
noted above, is that the internal structure of black holes, and therefore ulti-
mately their entropy the thermal properties, must be accurately represented
by classical hair. We recognize that this is a radical hypothesis, and that
it is not true in a generic effective field theory of gravity. After all, there
are some powerful no-hair theorems which apply to simple, but widely used,
effective field theories (e.g., the Standard Model) [39, 40, 41]. However, of
course, the generic effective field theory of gravity almost certainly does not
correspond to the reduction of an adequate quantum theory, as indicated
by the presence of ultraviolet divergences. String theory is an increasingly
popular candidate to provide an adequate quantum theory of gravity; and
the effective field theories derived from it are much larger and more elaborate
than have been commonly considered previously. The problem of insuring
deterministic evolution may provide another, quite different indication that
a substantial expansion of the dynamical arena is in order. Indeed, the loop-
hole in the no-hair theorem we seek to exploit is intrinsically connected to the
existence of additional dimensions. Our classical hair is related to the vast
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degeneracy among black holes that arises because the macroscopic charges of
the black hole, which specify it uniquely to an observer who does not probe
the compactified dimensions, do not uniquely specify the details of the con-
figuration in the compactified dimensions. Although concrete identification
of the complete catalogue of hair may be difficult in any particular case,
this sort of construction appears to us sufficiently robust that it is a viable
candidate for black hole entropy in general.
Conventional wisdom argues, in Kaluza-Klein reduction, that excitations
with non–trivial dependence on small internal dimensions are very massive,
so that only the constant mode is important in the low energy field the-
ory. Although it invokes structure in the extra dimensions in a crucial way,
our proposal does not contradict this conventional wisdom as it is usually
applied. Local probes can only detect the hair if they are sensitive to the
internal dimensions; since such probes must inevitably involve heavy degrees
of freedom, there is a definite sense in which the hair is decoupled from the
low energy world. However, if we are correct, these degrees of freedom do
not decouple from the information flow in black hole processes, and must be
kept if one is to obtain a closed (unitary) description.
It is a special virtue of this approach that the classical hair is measurable,
in principle, at asymptotic distances. This is quite relevant for the informa-
tion problem because hair stretching to infinity is retained permanently in
boundary conditions, and is therefore in no danger of being ‘lost’ at interme-
diate stages. Thus the existence of abundant classical hair transforms this
problem profoundly: retention of the information becomes the default option,
which could only be endangered by unexpected strong coupling effects.
In the companion to this paper a general, rather abstract formalism em-
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bodying our proposal was developed [4]. In the present paper we analyze
a specific example, Cveticˇ–Youm dyon. The paper is organized as follows.
In the first section we write the Cveticˇ–Youm dyon in its four-dimensional
and ten dimensional forms and discuss the range of validity of these classical
solutions. Next we turn to the explicit construction of classical hair. This
was already outlined in the Appendix of [4] but here the solution is recast in
canonical form and the effective surface theory identified explicitly. The semi-
classical quantization of the black hole then follows. As a result we find that
both the tension and the constraints on the effective string parametrizing the
collective excitations of the black hole agree exactly with the analogous ones
for a fundamental string. We then discuss discuss global issues that arise in
counting classical hair states. Finally we discuss the relation of our program
to other work on the subject and speculate briefly on the possibility of a more
general and profound relation between classical hair and black hole entropy.
The appendix is devoted to the quantization of the macroscopic black hole
parameters.
2 The Cveticˇ–Youm dyon
Our working example is the Cveticˇ–Youm [23]. This is a black hole solution of
the equations of motion that result from toroidal compactification of N = 1
supergravity in 10 dimensions. This theory in turn is the low-energy field
theory limit string theory. Various properties of the solution were discussed
in [24, 22]. In its full glory it is
ds2 = −λdt2 + λ−1dr2 +R2(dθ2 + sin2θdφ2)
λ = [(1 +
Q(1)
r
)(1 +
Q(2)
r
)(1 +
P(1)
r
)(1 +
P(2)
r
)]−
1
2
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R2 = r2[(1 +
Q(1)
r
)(1 +
Q(2)
r
)(1 +
P(1)
r
)(1 +
P(2)
r
)]
1
2
e2φ =

(1 + P(1)r )(1 + P(2)r )
(1 + Q
(1)
r
)(1 + Q
(2)
r


1
2
e2φ∞
G44 =

1 + P(2)r
1 + P
(1)
r

G44∞ ; G99 =

1 + Q(1)r
1 + Q
(2)
r

G99∞
A
(1)
φ = P
(1)(±1 − cos θ) ; A(7)φ = P (7)(±1 − cos θ)
A
(6)
t = −
Q(6)
r +Q(1)
; A
(12)
t = −
Q(12)
r +Q(2)
(1)
The black hole is parametrized by four independent charges, two electric and
two magnetic. Their screened (boldfaced) incarnations have dimension of
length, and are related to the physical charges through
(P(1),P(2),Q(1),Q(2)) =
√
α′(G
1
2
44∞P1, G
− 1
2
44∞P7, G
1
2
99∞Q6, G
− 1
2
99∞Q12) (2)
In the remainder of the paper we take G44∞ = G99∞ = 1 for simplicity
in notation. The appendix of this paper is devoted to a discussion of the
normalization and quantization of the U(1) charges.
The black hole is the 4 dimensional form of a solution to the underlying
10 dimensional theory. Using this correspondence (given precisely in the ap-
pendix eq. 37) the line element can be written in the obscure, but nevertheless
convenient form
dS2 = Fdu(dv +Kdu) +Gijdx
idxj
Gijdx
idxj = f [k(dx(4) +P(1)(1− cos θ)dφ)2 + k−1(dr2 + r2(dθ2 + sin θ2dφ2))]
+
8∑
i,j=5
δijdx
idxj (3)
in string metric. Here u = x(9) − t, v = x(9) + t, and
F−1 = 1 +
Q(2)
r
; K =
Q(1)
r
; f = 1 +
P(2)
r
; k−1 = 1 +
P(1)
r
(4)
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The other nonvanishing fields are
Buv = F ; Bφ4 = P
(2)(1− cos θ) ; eΦ = Ff (5)
This is the form of the black hole that appeared in eq. I.A.11. It is repeated
here for ease of reference.
We will work in the limit where string theory reduces to a 10 dimensional
field theory. This is only reasonable if all scales are much larger than the
string length
√
α′. Specifically, it would be dubious to locate the horizon
more precisely than the string length. However, physical distances ρ are
related to coordinate distances by ρ ≃ P(1)P(2)ln r close to the horizon at
r = 0; so this requirement concerns exponentially small coordinate distances
and will not be relevant in this paper. It should be emphasized that this
argument relies on the kinematics of extremal black holes only; so it is valid
for a much wider class of black holes than the one considered here.
As explained in the introduction, black holes suffer from well-known con-
ceptual problems that rely on one’s having great confidence in the classical
metric, even for their formulation. The persistence of trustworthy geometric
data means that these problems still must be addressed.
3 The Classical Hair and the Constraints
Classical hair on the Cveticˇ–Youm dyon was exhibited already in the ap-
pendix of [4]. The purpose of this section, and the following, is to analyze
classical hair using the canonical formalism developed in [4]. This provides
a concrete example that complements the abstract formulae.
1The roman numeral I refers to equation numbers in [4]. The A is a reference to the
Appendix of that paper.
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For the black hole without hair we choose the Schwarzchild time t as
canonical time and split eqs. 3– 5 in spatial and temporal parts, following [4].
The fields become
dS2 = g99 (dx
9)2 + gijdx
idxj
g99 = F (K + 1)
N9 = −FK
N =
√
F
K + 1
Bt9 = −F (6)
Here the transverse spatial metric gij is identical to the transverse spacetime
metric Gij in eq. 3. The additional non–zero fields ( Bφ4 and e
Φ ) will not
be needed.
The canonical momenta can be calculated from eq. I.2.5 . The non–
vanishing components are
Er9 = 1
2
Q(2)
Πr9 =
1
2
r2∂rK (7)
It is straightforward (but tedious) to verify explicitly that the fields in eqs. 6–
7 solve the constraints eqs. I.2.8 – I.2.10 , as they should.
We are interested in a solution that is modified due to the presence of
classical hair, and want to isolate the dynamics of the hair, following the
strategy of sec. I.4 . Classical hair coordinates of the form identified previ-
ously are assumed, and their conjugate momenta follow from the constraints.
For each canonical pair of background fields we can specify the field freely,
but we must allow its conjugate momenta to respond to the presence of hair.
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Inspired by the backreaction in eq. I.A.11 , found using the Lagrange for-
malism, we will find it convenient that, for the g99 field, we specify instead
Π99 = 0 and allow the field to depend on the hair. (This just amounts to a
canonical redefinition of variables.) Now, the constraints eqs. I.2.8 – I.2.10
are rather complicated non–linear differential equations and we must solve for
the momentum (and g99 ) . The strategy will be to anticipate the momenta
eq. 7 found in the absence of hair and introduce non–trivial components only
when the constraints force it.
3.1 Gauge Hair
We will only consider gauge hair. The analogous calculation for Goldstone
hair is in progress. In considerations later in the chapter we will assume, for
purposes of discussion, that the result for gauge hair extends to other kinds
of hair, though this is not at all obvious and may not be true.
From eq. I.A.9 we expect hair of the form
Frt = −Fr9 = ∂rF q′ = Q
(2)
(Q(2) + r)2
q′ (8)
We suppress the internal index I = 1, · · · , 16. In the canonical formalism the
function q′ is specified as a function of x9 at a fixed time slice; so the time
dependence will only appear when the equations of motion are considered
in sec. 4.2. The prime denotes derivative with respect to x9, and we should
note that q is normalized differently than in [22]. We choose the gauge
A9 = At = 0 and find
Ar = ∂rF q (9)
The momentum E9 is non–dynamical because it is conjugate to A9 = 0. It
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can be verified by writing out eq. I.2.9 that it enters the Hamiltonian as
H =
1
2
Ng−
1
2 e2Φg99(E9+E9rAr)(E9+E9rAr)+terms independent of E9 (10)
We can impose the corresponding equation of motion as a rigid (first class)
constraint by making the identification
E9 = −E9rAr (11)
in the following. Noting that Er9 is a constant, antisymmetric in the two
indices, the Gauss’ law constraint eq. I.2.8
∂α(Eα − EαβAβ) = ∂9(E9 − E9rAr) + ∂r(Er − Er9A9) = 0 (12)
can be integrated to
Er = −2Er9F q′ = − Q
(2)
(1 + Q
(2)
r
)
q′ (13)
A constant of integration was undetermined a priori. With the choice eq. 13
the momentum agrees with the on–shell result that can be obtained from eq.
I.2.5 .
Now consider the Hamiltonian constraint eq. I.2.9. The gravitational
momenta and the metric function K are unknowns. Expanding the curvature
symbol and writing out the electromagnetic terms we find
H = g− 12 e2Φ[Tr Π2 + 1
2
ΠΦTr Π +
D − 2
16
Π2Φ]−−g
1
2 e−2Φgrr
1
2(K + 1)2
(∂rK)
2
+ g
1
2 e−2Φgrr
1
K + 1
[
1
F
(A′r)
2 +
1
r2
∂r(r
2∂rK)] = 0 (14)
after a lengthy calculation. Requiring the last parenthesis to vanish by itself
gives K in terms of the hair
K =
Q(1)
r
− Q
(2)2
2r(r +Q(2))
(q′)2 (15)
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The constant at infinity was determined by the prescribed charge of the black
hole. This expression agrees with eq. I.A.11 . The other terms in eq. 14 will
be considered below.
Next we consider the supermomentum constraints Hα = 0 arising from
eq. I.2.10 . Recall that the gravitational momenta are tensor densities so
that
Παβ|β = Π
αβ
,β + Γ
α
βγΠ
βγ (16)
Assuming that only Πr9 6= 0 the H9 = 0 constraint becomes
Π9β|β = g
99∂r(g99Π
9r) =
1
2
F 9α(Eα + EαβAβ) = 1
2
g99∂9Ar Er (17)
and the momentum is found to be
Πr9 = −
Q(2)
4(1 + Q
(2)
r
)2
(q′)2 + constant =
1
2
r2∂rK (18)
The constant of integration is independent of r but could depend on x9. It was
determined so that the first line in eq. 14 vanishes without forcing additional
non–zero momenta . The formula for Πr9 eq. 18 is formally identical to eq. 7,
which is valid when there is no hair, but the expression eq. 15 for K now
depends on the hair.
With a certain exception, discussed in sec. 3.2, the remaining supermo-
mentum constraints Hα = 0 are not affected by the gauge hair.
3.2 The Final Constraint
If only the hair variables depended on x9 we would at this point have checked
all the constraints. However the backreaction on the geometry is taken into
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account by allowing g99 to depend on the hair variables, and non–trivial de-
pendence of the metric on x9 ensues. By inspecting the appropriate expan-
sion of the Ricci scalar one can show that the Hamiltonian constraint remain
satisfied if this dependence is allowed. However, since Π9r in eq. 18 depends
implicitly on the hair, the supermomentum constraint Hr = 0 require further
consideration. The ansatz
Πij = −1
4
gij Π
Φ =
1
D − 2 gijTr Π (19)
can be interpreted geometrically as a non–zero extrinsic curvature Tr K,
using eq. I.2.5 . It is an easy but non–trivial calculation to verify that the
Hamiltonian constraint remains satisfied. Using the ansatz and the explicit
form of the metric we find
Πrj|j −
1
2
ΠΦ∂rΦ =
r2
F
∂r[
F
r2
1
D − 2Tr Π] = Π
r9
|9 (20)
with the last equality expressing Hr = 0. Using eq. 15 and the metric this
can be integrated to
1
D − 2Tr Π = −r
2fk−1
1
2F (K + 1)
∂9K (21)
We choose the constant (that may depend on x9 ) to vanish.
The appearance of r2fk−1 = (r+P(1))(r+P(2)) is a new and tantalizing
feature. In all our previous calculations the magnetic charges canceled in
final results. Tr Π vanishes on–shell, but the off-shell value can be important
for the quantization of the system. In fact, as we shall see in sec. 5, the
tension renormalization anticipated in [22] can be interpreted as failure of
single valuedness in the x9 variable. This phenomenon may be signaled by
total derivative terms in the Hamiltonian density, and this is indeed how
Tr Π enters, as alluded to in the end of sec. I.5 . A precise connection eludes
us at this point, however, and in sec. 5 a different reasoning will be pursued.
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4 The Effective Surface Theory and Quanti-
zation
In [4] properties of the effective theory for the classical hair were derived in
abstract form. Using the expressions from the previous section they can now
be made explicit.
It was proposed in [4] that the condition
Πrα = 0 ; α 6= r (22)
should be imposed at r = 0. The only non–trivial condition arises for α = 9
and it implements reparametrization invariance in the 9th direction. Using
eq. 18 and eq. 15 we find
1
2
Q(2) 〈 (q′)2 〉 = Q(1) (23)
This relation has a profound consequence: it forces the existence of hair.
The physical interpretation is that the hair must carry all the momentum
(i.e.. charge, after compactification ) that is seen at infinity. The analogous
condition for the fundamental string was derived in [20] by appealing to a
cosmic censorship hypothesis, and in [21] by insisting that the external field
matches on to a string source. It is interesting that our requirement of no
source agrees with the result that follows from specific properties of a string
source.
4.1 Quantization of Gauge Hair
In [20, 21] the condition eq. 23 was identified with the matching condition
on the world sheet of a string that acts as a source. Here we have no source
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and proceed instead to quantize the field directly. In the complete theory
the Poisson brackets of the fields are
{Er(~x), Ar(~x′)} = 16πGN 1
2
δ(~x− ~x′) (24)
(The normalization of the right hand side arises because we have defined
momenta as variations of 16πGNL.) This induces brackets in the reduced
theory.
The momentum conjugate to the hair variables is essentially the x9 deriva-
tive of the hair, as is characteristic of chiral fields. The factor of 1
2
on the
right hand side of eq. 24 is the notorious one that arises in the quantization
of chiral fields when the second class constraints are properly implemented.
Using the explicit expressions eq. 9 and eq. 13 we perform the radial
integral and find
4π{−1
2
Q(2)q′(x9), q(x′9)} = 16πGN 1
2
Lδ(x9 − x′9) (25)
The trivial angular integral gave rise to the 4π on the left hand side. The
explicit volume factor L = 2π
√
α′ was implied in the normalization of the
δ–function in x9 and is necessary for GN to denote the four–dimensional
Newton’s constant throughout.
We introduce Fourier modes
q(x9) =
∑
n
qn e
2piin
L
x9 (26)
and find
1
4GN
{−1
2
Q(2)
in√
α′
qn, qn′} = 1
2
δn+n′ (27)
Replacing the brackets with commutators, and using eq. 26 again, we find
√
α′
4GN
1
2
Q(2) 〈 (q′)2 〉 = N (28)
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Here the level is N =
∑
n nNn in terms of occupation numbers of individual
states Nn. Now the matching condition eq. 23 can be written
N =
√
α′
4GN
Q(1) =
2Q(1)
g2st
= q(1) (29)
in terms of the quantized charges of the Appendix. Both sides of this relation
take all integer values. It should be noted that, when expressed in terms
of integers, the matching condition is independent of the proportionality
constant relating GN and α
′g2st despite the ubiquity of the parameters at
intermediate stages.
The normalization in eq. 29 agrees with the standard one obtained from
world sheet considerations. Its physical origin is the requirement that the
oscillators carry the total momentum is also related. The nonrenormalization
of string tension discovered by Dabholkar and Harvey equates the tension of
the fundamental string with the tension that is measurable at infinity [42].
Here we go a step further and treat the oscillations as bona fide collective
excitations which are quantized without any reference to the microscopic
theory.
4.2 Equations of motion
The reduced Hamiltonian eq. I.5.2 has the simple form
16πGNHred = 2
∫
r=0
Πr9 = −
∫
r=0
[Q(1) − 1
2
Q(2)(q′)2] (30)
The equations of motion are found by variation of the Hamiltonian. The rela-
tion between the variables q′ that appear in this expression and the canonical
variables appropriate for the variational principle were worked out in the pre-
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vious sections. We find the simple expression
Hred = −
∫
dx9 q′ πq (31)
where we denoted by πq the canonically conjugate to q and omitted a con-
stant. The equations of motion become
δHred
δπq
= −q′ = q˙ ; δHred
δq
= π′q = −π˙q (32)
where the dots denote time derivatives. The equations are easily solved and
a time dependence is found that demands q, as well as πq, to be functions of
x9 − t. We conclude that only left movers are solutions of the equations of
motion, as anticipated.
The strategy is more important than the result: the hair variables were
isolated from the background, in a canonical and off-shell fashion, before
the equations of motion were found and solved. It was presumably special
properties of the example here that allowed simple, explicit expressions to be
found; but the calculation serves as a useful paradigm for the more general
case, discussed abstractly in [4].
4.3 No On-shell Area
In sec. I.4 we gave a simple and general derivation of the black hole entropy
from the macroscopic view point. It was the second term in the reduced
Hamiltonian eq. I.2.10 the was responsible for entropy in the general setting.
In the current explicit example it has the form
Hred = − π
GN
Θ
√
P(1)P(2)Q(2)[Q(1) − 1
2
Q(2)(q′)2] (33)
It was omitted above because the temperature Θ = 0 for the extremal black
hole under consideration. However, the form of this term makes manifest
19
some properties of the formalism that are presumably generic. First of all
it emphasizes the feature that the area is dynamical; so within the reduced
Hamiltonian formalism this term, and specifically the temperature, is ex-
pected to enter the equations of motion explicitly.
It is intriguing that the term in the reduced Hamiltonian which, in the ab-
sence of hair, quite explicitly can be interpreted as the entropy is dramatically
modified in the presence of hair. Indeed, if we impose the matching condi-
tion eq. 23, the dynamical area of the black hole vanishes! This is gratifying,
because if the area were non–zero the black hole with hair – supposedly a
microscopically specified state – would itself be a thermodynamic body with
internal structure 2. This motivation appears so compelling, that after hav-
ing observed the phenomenon in a specific example, we are led to expect
a vanishing area for the general microstate of any black hole. We should
emphasize in this connection that it is the modulus g99 that shrinks close
to the horizon, with the spatial geometry in the uncompactified dimensions
exhibiting no conspicuous features.
It is interesting to speculate on possible dynamical consequences 3. Con-
sider an infalling observer who may or may not be translationally invariant
in the x9 direction. In a given microstate the black hole has structure in the
x9 direction, so the impinging observer encounters a potential, because the
equations are non-linear, and will generically develop structure too. Of course
whenever an incoming wave experiences a non–trivial potential, there is a re-
flected wave, and as the modulus g99 shrinks to zero the relevant effective
potential appears to become arbitrarily strong, and reflection complete. This
2This was pointed out to us by A. Sen.
3This paragraph was the result of a discussion with S. Mathur.
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suggests a mechanism — realizable within the semiclassical approximation
— that avoids information loss in a very real sense: it becomes impossible to
fall into the black hole. This phenomenon, an infinitely high effective barrier
that reflects incoming waves, was previously encountered for a certain special
class of black holes by Holzhey and Wilczek [43].
5 Tension Renormalization
A satisfactory understanding of the internal structure of black holes must
include a quantitative agreement between the number of microstates and the
entropy that follows from macroscopic considerations. Using the statistical
mechanics of ideal gasses in two dimensions, the matching condition eq.29,
can be translated into an entropy
S ≃ 4π
√
q(1) (34)
This microscopic result is much smaller than the macroscopic one from the
appendix eq. 47, which contains the product of all four charges (two electric,
two magnetic). The discrepancy lead Horowitz and Marolf to conclude that
the classical hair form mesoscopic structure, unrelated to the true microstruc-
ture that account for the black hole entropy [44, 45]. Our interpretation is
quite the contrary: the qualitative picture is viable but the counting is in-
complete because global issues have been slighted.
5.1 Winding Strings
For a first indication of this possibility note that the matching condition
eq. 29 differs from the standard perturbative matching condition by a factor
of q(2). This discrepancy derives directly from the canonical brackets eq. 24.
The arguments of the fields and the δ–function on the right hand side include
x9, but in string theory the spacetime coordinate is related to the world sheet
coordinate σ by a multiplicative integer winding number w, i.e. x9 = wσ.
The winding number couples to the Kalb–Ramond field, characterized by
the quantum q(2); so we are led to identify w with q(2) and use the variable
σ = 1
q(2)
x9 in the canonical brackets and the Fourier transform. Then the
perturbative matching condition discussed above, viz.
N = q(1)q(2) (35)
is then neatly recovered.
Considering the physical nature of a string it is perhaps unsurprising that
there is a winding number. However, an observer of the field created by a
string will detect momenta that are smaller than is normally allowed in a
volume with the dimension of the compactified space. These small momenta
are quite puzzling, but certainly real and measurable, even at infinity. Their
physical manifestation is the failure of recovering measured values of the fields
upon circumnavigating the compactified dimension. To parametrize this, the
observer may adopt a new definition of the dimension of the compactified
space ( L → q(2)L ) or, alternatively, conclude that in this environment the
string tension is larger than its universal value T = 1
2piα′
. The phenomenon of
small momenta is referred to as tension renormalization [17, 22, 46, 47]. The
concept has recently been made mathematically precise [48] with a relation
to the winding sectors of the orbifold appearing in [35].
As an aside, consider a component of the field with momentum that is
larger than the minimal value (by a factor that is not a prime). Contri-
butions to the amplitude arise from individual, maximally wound strings
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with this momentum; but also from multiple string configurations that each
wind less. In the underlying Hilbert space of string field theory a distinction
should presumably be made between such contributions, and this may affect
the proper counting of degeneracy. However, it would seem very difficult for
the observer far away to discern such subtle differences, even though care-
ful experiments using Aharonov–Bohm type correlations might conceivably
accomplish it. Moreover, since the configurations in question have identical
classical actions it is possible that, even in principle, they should not be dis-
tinguished when calculating the volume of classical phase space that should
be compared to the Bekenstein–Hawking entropy. Fortunately the leading
order result for the entropy does not seem to depend on this issue, and we
can simply assume that a single effective string suffices.
5.2 Magnetic Flux
At this point we have recovered the well-known degeneracy of the fundamen-
tal string from a spacetime point of view. In other words we have found
a non–renormalization result for the tension that expresses the absence of
gravitational backreaction on the classical hair. It seems, alas, that the clas-
sical hair considered here is simply the external field of a fundamental string
propagating in an inert black hole background, rather than an effective string
theory that parametrize collective excitations of the black hole. However, as
it currently stands the counting gives a result that is inconsistent with du-
ality, a symmetry of the low energy theory. This symmetry interchanges
electric and magnetic charges, but leaves the degeneracy of states (i.e. here
the entropy) invariant. So we know the understanding must be incomplete.
First reconsider how the winding emerges technically: it amounts to the
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appearance of a phase in the hair variables when they are taken around the
x9 direction. Then it can be concluded that the Fourier transform eq. 26
uses a length L which is too small, because only when the effective length is
increased do proper single valued fields arise.
The possibility of this kind of phase can be understood by reasoning along
the lines of sec. 2 , as follows. In a background of charge q(2), gauge trans-
formations with gauge function Λ of minimal period 2π change the action
by 2πq(2). A transformation that formally acts like a gauge transformation
with gauge function Λ of period 2π/q(2) generates new solutions that are not
gauge equivalent to the original one. The field theory of classical hair allows
Wilson lines created by this kind of transformation to be attached to each
hair independently. The mechanism proposed here to generate more classical
hair, once we have discovered some, is closely related to the construction of
discrete gauge hair in [49]. All winding modes can be accounted for this way.
We now turn our attention to the role of the magnetic charges. Again the
background allows ‘small’ gauge transformations that generate new solutions
from existing ones. From the requirement that the Dirac–string remains
hidden the allowed periodicities are 2pi
p(1)
( or 2pi
p(2)
for the other gauge field
). Again we can apply this kind of transformation on each of the modes of
the classical hair independently. In consequence, configurations exist that,
as we move around the 9th direction, change by a phase. If p(1), p(2), and
q(2) are relatively prime the effective length, needed to obtain a single-valued
field, becomes the product q(2) p(1) p(2). With this tension renormalization
the correct matching condition entropy are recovered.
To put this heuristic argument on a firmer basis it must be verified more
explicitly that the appropriate couplings are present, for all modes of the
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classical hair, and a better understanding of the field theoretic basis for
independent transformations on each mode is also needed. Though much
remains unsettled, we do think it is now quite plausible that the right sort
of field theory contains the features necessary for a quantitative account of
the black hole entropy using classical hair, once global issues are properly
addressed.
5.3 Relation to Other Work
Cveticˇ and Tseytlin [24] (see also [50, 51] ) noted that the classical hair can
be represented as marginal deformations in the underlying conformal field
theory. In this approach the appropriate tension renormalization appears
naturally with the predicted coefficient, as the Kac–Moody level of the cur-
rent algebra.
The left hand side of the matching condition is the level of c = 24 phys-
ical oscillators of heterotic string theory. As explained in the Appendix the
formula for the black hole entropy depends on the spectrum of allowed mag-
netic charges. If Dirac quantization and a matching condition with minimal
charges are used, as seems most reasonable, there is a discrepancy of a factor
of 2 between the renormalized version of eq. 34 and the Bekenstein-Hawking
result eq. 47. Instead c = 6 is required to bring the renormalized the results
into agreement.
Tseytlin noted that c = 6 could arise naturally from classical hair of the
type presented here if only the Goldstone hair in the (r, θ, φ, 4) directions
suffer tension renormalization [51]. (The contribution of fermionic partners
presumably follows automatically if spacetime supersymmetry is realized,
although we have not considered this carefully within our framework.) Un-
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fortunately the modes in the (r, θ, φ, 4) are precisely the ones we have not
been able to handle analytically.
Strominger and Vafa presented a calculation in the type II theory that
represents the microscopic states of certain 5 dimensional black holes as an
effective string that indeed has c = 6 [26]. The effective string that appears
in this accounting for black hole entropy is not a renormalized version of the
fundamental string, but rather some new kind of chiral string that has c = 6,
and is confined to live on 6–dimensional world volumes. It was proposed by
Dijkgraaf, Verlinde, and Verlinde that this string should be taken as a serious
starting point for quantization [52, 37].
Translating this reasoning into our spacetime picture we are lead to ex-
pect that, in addition to the classical hair we have exhibited explicitly, there
are some excitations that depend on the (x5, x6, x7, x8) variables as well as
x9 − t and that only those species suffer tension renormalization. Such clas-
sical solutions would be consistent with supersymmetry and therefore quite
plausibly exist, but their explicit construction may be difficult.
6 Discussion
At the core of our program, to account for black hole entropy using classical
hair, is a connection between global constraints a field configuration – here,
that it contains a black hole with given macroscopic quantum numbers –
and some characterization of the number of solutions which realize it. This
is a theme that has occurred before in physics and mathematics, as the
connection between anomalies and zero-modes, or as index theorems [53].
Here we seek an index theorem with a new element, in that the number
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of solutions is quantified as a volume – the volume of classical phase-space.
If such an index theorem were found, it would for many purposes free us
from the necessity of actually finding the explicit solutions, which as we have
seen is a painful process at best. Ideally, it would relate an ‘anomaly’ in
information flow across the horizon to the build-up of classical hair outside,
and thus could be interpreted as a necessary physical consistency condition
on the effective theory. At present, however, these ideas are no more than
attractive speculation.
Our concept of classical hair that is measurable far away implies that all
information is contained in scattering amplitudes that are susceptible only
to the leading behavior of the potentials, i.e. small angle scattering. This
appears closely related to the program pursued by Mandal and collabora-
tors [54, 55] and to the calculations of Das and Mathur [46, 56]. On the
other hand we see no obvious connection with the statistical hair advocated
by Strominger [57] or the quantum hair discussed by Banks [58].
’t Hooft has advocated for some time that the consistency of black hole
quantum mechanics severely constrains the form of the underlying micro-
scopic theory [59]. We hope to have made it plausible that black hole entropy
can be accounted for microscopically, but only in special many-dimensional
theories with appropriate symmetries. This seems to embody a part of ’t
Hooft’s program.
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A Quantization of Macroscopic Charges
This Appendix contains an elementary discussion, within the framework of
field theory, of the quantization conditions on the U(1) charges.
Consider dilaton gravity in ten dimensions, coupled to an antisymmetric
vector field. After toroidal compactification to 4 dimensions the Lagrangian
becomes
L =
1
16πGN
∫
d4x
√−g[Rg − 2∂µφ∂µφ
− α
′
4
e−2(φ−φ∞)
6∑
a=1
(F (a)µν G
aaF (a)µν + F (a+6)µν GaaF
(a+6)µν)
+
1
4
∂µGab ∂µGab] (36)
The fields F (a)µν (a = 1, · · · , 6) are Kaluza Klein fields, i.e. dimensionally
reduced components of the metric field, and the fields F (a+6)µν (a = 1, · · · , 6)
are winding fields that arise from the antisymmetric vector field. The com-
pactification scale
√
α′ sets the relative scale of the terms. We have ignored
possible moduli from compactification of BIJ and A
(i)
I ; so this toy model con-
tains only the most basic features of string induced gravity. For the heterotic
string the full bosonic Lagrangian is given in [60].
In the toroidal compactification that leads to the Lagrangian eq. 36 the
Kaluza–Klein fields are introduced by the decomposition
dS2 = Gµνdx
µdxν +Gmn(dx
m + A(m)µ
√
α′ dxµ)(dxn + A(n)ν
√
α′ dxν) (37)
of the string metric GIJ = e
2(φ−φ∞)gIJ . Therefore the gauge invariance
Aµ → Aµ+∂µΛ (for each of the gauge fields) is induced by reparametrization
invariance of the appropriate internal dimension. The gauge function is only
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defined up to periodicity because the internal coordinate is periodic. Hav-
ing adopted the convention that the moduli at infinity are unity the radii
of the tori are simply
√
α′ in the current conventions and the appropriate
identification becomes Λ ≡ Λ+ 2π.
Consider a single Kaluza–Klein field
L =
1
8πg2st
∫
e−2(φ−φ∞)FµνF
µν (38)
It is normalized as in eq. 36 if we use GN =
1
8
α′g2st as a convention that
defines the string coupling. The action has a subtle gauge dependence that
is due to boundary terms at infinity. Indeed, for solutions to the equations
of motion,
δL =
1
2πg2st
∫
r→∞
FµνδA
νdSµ =
2Q
g2st
∫
δAtdt (39)
where the charge was defined by the asymptotic behavior Frt → Qr2 as r →∞.
As variation in eq. 39 we consider the pure gauge transformation δAt =
∂tΛ. Recalling that the Λ admits periodic identifications and imposing the
quantization condition that the Lagrangian similarly is well defined up to
multiples of 2π, we find the quantization condition
2Q
g2st
= integer ≡ q (40)
This holds for each Kaluza–Klein field separately.
For gauge fields that derive from dimensional reduction of the Kalb–
Ramond field BIJ the situation is less straightforward. T–duality indicates
that such charges must have the same quantization rule, and this will be ad-
hered to in the following. For a heuristic understanding of how this emerges
in a spacetime approach, implement T–duality by large coordinate transfor-
mations that interchange time with one of the internal coordinates. On the
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world sheet this symmetry is related to modular invariance; and in field the-
ory it presumably follows analogously from general covariance and unitarity.
The effective periodicity of the Euclidian time plays the role of temperature;
so it is intriguing that it appears in the quantization conditions.
The Dirac quantization condition on the magnetic charges is also a con-
sequence of the compactification: the magnetic gauge potentials are Aφ =
P (±1 − cos θ) on the north and south hemisphere, respectively . On the
equator they are related by Aφ = A
′
φ + ∂φΛ ; so Λ = 2Pφ must be an ac-
ceptable transition function. The implied periodicities from this and from
the compactification are Λ ≡ Λ + 4πP ≡ Λ + 2πn, so
2P = integer (41)
is the Dirac quantization condition for the magnetic charge.
In field theory there is no fundamental requirement that all integer mag-
netic charges are realized in a given theory. However, in recent years evidence
has been accumulating that string theory indeed saturates Dirac’s quantiza-
tion condition. Perhaps the most convincing argument appears in type I
string theory where solitonic objects have explicit realizations as D–branes;
and T–duality ensures that any number of D–branes must be realized. In
this context it can be verified by direct calculation [27] (or from topologi-
cal considerations [61]) that the D–branes indeed carry the minimum Dirac
quantum. The corresponding result in heterotic string theory then follows as
a prediction of duality.
The quantization on magnetic charges can be understood from duality in
the field theory limit, as follows [62]. Impressive evidence for non–abelian
duality has accumulated for N = 4 supersymmetric gauge field theory (for a
review see [63]). Normalizing the SU(2) gauge field part of the Lagrangian
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as
L =
1
16π
∫
[
4π
e2
tr WµνW
µν +
θ
2π
tr W˜µνW
µν ] (42)
where
W (a)µν = ∂µA
(a)
ν − ∂νA(a)µ + ǫabcA(b)µ A(c)ν (43)
the non–abelian duality is implemented by the SL(2, Z) parameter
τ =
θ
2π
+
4πi
e2
(44)
For θ = 0 the Z2 subgroup
4pi
e2
↔ e2
4pi
is a special case of the larger dual-
ity group. The spectrum of the theory includes dyons with electric charges
quantized so that 4pi
e2
Q is an integer and magnetic charges quantized as in-
tegers. The spectrum satisfies Dirac’s quantization condition with the mag-
netic quanta equal to twice their minimal values. This apparent doubling
arises because both the electric and the magnetic charges are in the adjoint
representation of the gauge group, rather than in the fundamental.
To find the quantization condition on heterotic string theory note that it
develops non–abelian gauge symmetry at special points in the moduli space.
At such points the U(1)’s in eq. 36 can be considered subgroups of SU(2)
gauge groups and the quantization conditions inferred from the non-abelian
field theory. The result is extended to the rest of moduli space, by continuity.
Concretely, consider a Kaluza–Klein field F (1) and a winding field F (2)
and form F (±) = F (1) ± F (2). The U(1) field F (−) is part of a non-abelian
gauge field and we identify it with W (3). Now, two copies of the Lagrangian
eq. 38 become
L =
1
16πg2st
∫
e−2(φ−φ∞) [F (−)2 + F (+)2] (45)
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Regarding F (+) a fixed background field and identifying g2st with
e2
4pi
this agrees
with an abelian subgroup of the Lagrangian eq. 42 for constant dilaton. The
electric (and magnetic) charges of F (1,2), 1
g2st
Q(1,2) ( and P (1,2) ) are quantized
in half integers by eq. 40 ( and eq. 41 ) so, keeping the charges of F (+) fixed
at an even integer, the allowed electric (and magnetic) charges of F (−) are
all the integers, in accordance with the non–abelian field theory4. The string
theory duality (with the minimum Dirac quantum) therefore maps correctly
to the non–abelian field theory duality (with twice the minimum quantum).
The precise form of the embedding plays a crucial role in making the factors
of two agree.
As an application of the quantization rules extract the ADM mass from
the metric in eq. 1 and apply the quantization rules on each charge, to find
MADM =
√
α′
4GN
[Q(1)+Q(2)+P (1)+P (2)] =
1√
8GN
[gst(q
(1)+q(2))+
1
gst
(p(1)+p(2))]
(46)
Note that GN entered through boundary conditions at infinity that define the
ADM mass. This formula has several applications. The invariance under in-
version of the coupling constant and simultaneous interchange of electric and
magnetic quantum numbers can be taken as evidence for duality. Moreover,
for states with no magnetic charge it agrees with the standard world sheet
expression if the integers q1 and q2 are identified with the integer world sheet
momentum and winding respectively. In either case the consistency checks
are independent of the proportionality constant relating GN and α
′g2st, and
therefore of the quantization condition.
The quantity of primary concern to us is the thermodynamic entropy of
4An odd F (+) charge introduces a shift in the allowed F (+) charges by one half but the
spacing remains the same.
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the black hole. It is
S =
A
4GN
=
1
4GN
4πα′
√
Q(1)Q(2)P (1)P (2) = 2π
√
q(1)q(2)p(1)p(2) (47)
Again GN entered through boundary conditions at infinity. As discussed
in [22, 64], the definition of the string coupling dropped out of this expression
as did the moduli (which are set to unity in the conventions here). It therefore
relies on the quantization condition on the magnetic charges only.
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